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Shot-Noise (1)

I A shot-noise (SN) field is a non-negative random field IΦ̃ (y) ∈ R
defined ∀ y ∈ Rd and is a functional of a marked point process Φ̃.

I Response function L : Rd × Rd ×M → R.

IΦ̃ (y) =
∑

(xi ,mi )∈Φ̃

L (y , xi ,mi ) , y ∈ Rd .
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Shot-Noise (2)

I The expectation for the case of an i.m.PP is equal to

E
[
IΦ̃ (y)

]
=

∫
Rd×M

L (y , x ,m)Qx (dm) Λ (dx) .

using Campbell’s formula, but can be infinite.

I If for each y ∈ Rd there exists εy s.t.∫
Rd×M

(
sup

z∈By (εy )

L (y , x ,m)

)
Qx (dm) Λ (dx) <∞

then with probability 1 the field is finite for all y .
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Poisson Noise

Suppose that Φ̃ is an i.m. Poisson PP with intensity measure Λ and mark
distribution Qx (dm). Then the Laplace transform is

LI (y)(s) = e−
∫
Rd×M(1−e−sL(y,x,m))Qx (dm)Λ(dx).
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Interference as Shot-Noise (1)

I Collection of transmitters distributed in space and sharing a
common radio medium.

I Signal attenuation depends on distance and stochastic ingredients.

I The total power received from this collection of transmitters at a
given location is a shot-noise field.

I (y) = IΦ̃ (y) =
∑

(xi ,pi )∈Φ̃

piFi

g (|y − xi |)
, y ∈ R2.
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Interference as Shot-Noise (2)

In the interference field:

I Φ̃ is a stationary i.m.PP with points in R2 and intensity λ.

I The marks have some distribution Q(t) = P [Fi ≤ t], independent
of the point location.

I The function g depends only on the distance r , i.e.

g(r) = (Ar)α (case 1)

g(r) = (1 + Ar)α (case 2)

g(r) = (Amax (r0, r))α (case 3)
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Interference as Shot-Noise (3)

In the most general case for Φ̃ and F

E [I (y)] = pE [F ] 2π

∫ ∞
0

1

g (r)
λrdr

LI (y) (s) = e−2πλ
∫∞

0 (1−LF(s 1
g(r) ))rdr

where LF (s) =
∫∞

0
e−stQ (dt).
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Interference as Shot-Noise (4)

In the special case for Poisson PP for Φ̃ and exponential distribution for F

E [I (y)] = 2πλp
1

µ

∫ ∞
0

r

g (r)
dr

LI (y) (s) = e−2πλ
∫∞

0
r

1+µg(r)/s dr .

Using the Case 1 for path-loss (Ar)α we get

LI (s) = e−
K(α)

A2 λ( s
µ )2/β

, K (α) =
2π2

α sin (2π/α)
.
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C.2 - Cellular Coverage
(Andrews et al, 2011)
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A random cellular network

We have a cellular network with the following characteristics:

I Base stations (BSs) are modelled by a homogeneous Poisson PP Φ
of intensity λ.

I The signal degradation follows the power loss model of (Case 1)
with α > 2.

I Assumptions: Rayleigh fading for the signal and general fading for
the interference with density function fg .

I The noise power is additive and constant with value σ2.
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A random cellular network (1)

ANDREWS et al.: A TRACTABLE APPROACH TO COVERAGE AND RATE IN CELLULAR NETWORKS 3123

additionally suffer from issues regarding repeatability and
transparency, and they seldom inspire “optimal” or creative
new algorithms or designs. It is also important to realize that
although widely accepted, grid-based models are themselves
highly idealized and may be increasingly inaccurate for the
heterogeneous and ad hoc deployments common in urban
and suburban areas, where cell radii vary considerably due
to differences in transmission power, tower height, and user
density. For example, picocells are often inserted into an
existing cellular network in the vicinity of high-traffic areas,
and short-range femtocells may be scattered in a haphazard
manner throughout a centrally planned cellular network.

B. Our Approach and Contributions

Perhaps counter-intuitively, this paper addresses these long-
standing problems by introducing an additional source of
randomness: the positions of the base stations. Instead of
assuming they are placed deterministically on a regular grid,
we model their location as a homogeneous Poisson point
process of density !. Such an approach for BS modelling
has been considered as early as 1997 [14]–[16] but the key
metrics of coverage (SINR distribution) and rate have not
been determined1. The main advantage of this approach is
that the base station positions are all independent which
allows substantial tools to be brought to bear from stochastic
geometry; see [18] for a recent survey that discusses additional
related work, in particular [19]–[21]. Although BS’s are not
independently placed in practice, the results given here can
in principle be generalized to point processes that model
repulsion or minimum distance, such as determinantal and
Matern processes [22], [23]. The mobile users are scattered
about the plane according to some independent homogeneous
point process with a different density, and they communicate
with the nearest base station while all other base stations act
as interferers, as shown in Fig. 1.

From such a model, we achieve the following theoretical
contributions. First, we derive a general expression in Theo-
rem 1 for the probability of coverage in a cellular network
where the interference fading/shadowing follows an arbitrary
distribution. The coverage probability is the probability that a
typical mobile user is able to achieve some threshold SINR,
i.e. it is the complementary cumulative distribution function
(CCDF) of SINR. This expression is not closed-form but also
does not require Monte Carlo methods. This is generalized to
include an arbitrary desired received signal power distribution
in Lemma 1, and then simplified for a number of special
cases, namely combinations of (i) exponentially distributed
interference power, i.e. Rayleigh fading, (ii) path loss exponent
of 4, and (iii) interference-limited networks, i.e. thermal noise
is ignored. These special cases have increasing tractability and
in the case that all three simplifications are taken, we derive
a remarkably simple formula for coverage probability that
depends only on the threshold SINR. We compare these novel
theoretical results with both traditional (and computationally
intensive) grid-based simulations and with actual base station
locations from a current cellular deployment in a major urban

1The paper [17] was made public after submission of this paper and
contains some similar aspects to the approach in this paper.
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Fig. 1. Poisson distributed base stations and mobiles, with each mobile
associated with the nearest BS. The cell boundaries are shown and form a
Voronoi tessellation.

area. We see that over a broad range of parameter and
modeling choices our results provide a reliable lower bound to
reality whereas the grid model provides an upper bound that
is about equally loose. In other words, our approach, even in
the case of simplifying assumptions (i)-(iii), appears to not
only provide simple and tractable predictions of the SINR
distribution in a cellular network, but also accurate ones.

Next, we derive the mean achievable rate in our proposed
cellular model under similar levels of generality and tractabil-
ity. The two competing objectives of coverage and rate are then
explored analytically through the consideration of frequency
reuse, which is used in some form in nearly all cellular
systems2 to increase the coverage or equivalently the cell
edge rates. Our expressions for coverage and rate are easily
modified to include frequency reuse and we find the amount
of frequency reuse required to reach a specified coverage
probability, as well as seeing how frequency reuse degrades
mean rate by using the total bandwidth less efficiently.

II. DOWNLINK SYSTEM MODEL

The cellular network model consists of base stations (BSs)
arranged according to some homogeneous Poisson point pro-
cess (PPP) Φ of intensity ! in the Euclidean plane. Consider
an independent collection of mobile users, located according
to some independent stationary point process. We assume each
mobile user is associated with the closest base station; namely
the users in the Voronoi cell of a BS are associated with it,
resulting in coverage areas that comprise a Voronoi tessellation
on the plane, as shown in Fig. 1.

2Even cellular systems such as modern GSM and CDMA networks that
claim to deploy universal frequency reuse still thin the interference in time
or by using additional frequency bands – which is mathematically equivalent
to thinning in frequency.
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Typical User and the SINR

I Each user is connected to the geographically nearest BS.

I The network performance is considered at the typical user
Stationarity → Origin (0, 0).

I Typical user connected to bo .

I The SINR is a r.v.

SINR =
hr2

σ2 + Ir
,

where

Ir =
∑

i∈Φ\b0

giR
−α
i

is the cumulative interference from all the other base stations.
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Coverage probability

The coverage probability is defined as

pc(T , λ, α) = P(SINR > T ).

The probability that a randomly chosen user achieves a target SINR T .
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1st neighbour distribution

I Lets denote r the random variable representing the distance from a
typical user to his assigned nearest BS. We have

P(r > s) = P( No BSs closer than s)

= e−λπs
2

= 1− Fr (s).

Fr is the distribution function. Taking derivative with respect to s,
we obtain the density function fr ,

fr (s) = 2πλse−λπs
2

.
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Coverage Probability

Theorem
The coverage probability of a typical mobile user is given by

pc(T , λ, α) = πλ

∫ ∞
0

e−πλνβ(T ,α)−µTσ2να/2

dν,

where

β(T , α) =
2(µT )

α
2

α
E
[
g

2
α (Γ(−2/α, µTg)− Γ(−2/α))

]
,

and Γ(x) et Γ(a, x) denote the complete and incomplete gamma
functions, respectively .
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Sketch of the proof

pc(T , λ, α) =

∫
s>0

P(SINR > T |r)fr (s)ds

=

∫
s>0

P(h > Trα(σ2 + Ir )|r)fr (s)ds

Due to the fact that h ∼ exp(µ),

P(h > Trα(σ2 + Ir )|r) = E[P(h > Trα(σ2 + Ir )|r , Ir )]

= E[e−µTr
α(σ2+Ir )|r , Ir )]

= e−µTr
ασ2LIr (µrα),

where LIr (s) is the Laplace transform of Ir , conditioned on r .
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Proof (2)

LIr (s) = E[e−sIr |r ]

= E
[
e−s

∑
i∈Φ\b0

giR
−α
i
∣∣r]

= E
[
Πi∈Φ\b0

e−sgiR
−α
i

∣∣]
= E

[
Πi∈Φ\b0

E[e−sgR
−α
i ]
∣∣r]

= e−2πλ
∫∞
r

(1−E[e−sgν−α ])νdν

= e−2πλ
∫∞
r

∫∞
0

(1−e−sxν−α ])fg (x)dxνdν

= e−2πλ
∫∞
r

∫∞
0

(1−e−sxν−α ])νfg (x)dνdx .

First change of variable v−α → y , substitution and second change of
variable r2 → v .
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Special cases

I General fading, noise, α = 4.

pc(T , λ, 4) =
π

3
2λ√
T

SNR

e

(
(πλβ(T,4))2

4T
SNR

)
Q

 (πλβ(T , 4))2√
4T
SNR

 ,

where Q(x) = 1√
2π

∫∞
x

e−y
2/2dy .

I General fading, no noise, α > 2

pc(T , λ, 4) =
1

β(T , α)
,
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Evaluation case α = 4, no noise

ANDREWS et al.: A TRACTABLE APPROACH TO COVERAGE AND RATE IN CELLULAR NETWORKS 3129
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Fig. 3. Probability of coverage comparison between proposed PPP base
station model and square grid model with ! = 8, 24 and # = 4. The no
noise approximation is quite accurate, and it can be seen there is only a
slightly lower coverage area with 24 interfering base stations versus 8.

large-scale fluctuations of the signal and interference strength.

In many cases, shadowing to the desired base station can be

overcome with power control (or macrodiversity, not con-

sidered here), but in these cases the interference remains

lognormal. We assume the shadowing is given by a value

10
!
10 where ! ∼ "(#, %2) and # and % are now in dB. We

normalize # to be the same as for the exponential case and

consider various values of % in Figs. 5 and 6. Fig. 5 shows

the extent to which lognormal interference increases the cov-

erage probability in our model. It may seem counterintuitive

that increasing lognormal interference increases the coverage

probability, the reason being that cell edge users have poor

mean SINR (often below & ), and so increasing randomness

gives them an increasing chance of being in coverage. It also

implies that SINR-aware scheduling, which is not considered

here, might be able to significantly increase coverage. The two

plots in Fig. 6 serve to show that even significant lognormal

shadowing on the desired signal (a standard deviation of even

6dB), our simplified model that considers only Rayleigh fading

on the desired signal still fairly closely tracks an actual base

station deployment with lognormal shadowing on both the

desired and interference terms.

VI. FREQUENCY REUSE: COVERAGE VS. RATE

Cellular network operators must provide at least some

coverage to their customers with very high probability. For

example, SINR = 1 might be a minimal level of quality needed

to provide a voice call. In this case, for ' = 4 we can see

from Fig. 3 that the grid model gives a success probability of

about 0.7 and the PPP model predicts 0.53. Clearly, neither is

sufficient for a commercial network, so cellular designers must

find a way to increase the coverage probability. Assuming the

network is indeed interference-limited, a common way to do

this is to reduce the number of interfering base stations. This

can be done statically through a planned and fixed frequency

reuse pattern and/or cell sectoring, or more adaptively via

a reduced duty cycle in time (as in GSM or CDMA voice
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Fig. 4. Probability of coverage for # = 2.5 (left) and # = 4 (right),
SNR = 10, exponential interference. The proposed model is a lower bound
and more accurate at lower path loss exponents.

traffic), fractional frequency reuse, dynamic bandwidth alloca-

tion, or other related approaches [32], [33]. More sophisticated

interference cancellation/suppression approaches can also be

used, potentially utilizing multiple antennas. In this paper,

we restrict our attention to straightforward per-cell frequency

reuse.

In frequency reuse, the reuse factor ( ≥ 1 determines the

number of different frequency bands used by the network,

where just one band is used per cell. For example, if ( = 2 and

considering the 25 base station (" = 24) square grid, one can

assign the top row of five base stations frequencies 1, 2, 1, 2,

1, and then the second row 2, 1, 2, 1, 2, and so on. In this way

interfering base stations are now separated by a distance 2
√

2)
rather than 2). Larger values of ( monotonically decrease the

interference, e.g. ( = 4 allows a base station separation of 4)
in the square grid model. The PPP BS model also allows for

interference thinning, but instead of a fixed pattern (which is

not possible in a random deployment) we assume that each

base station picks one of ( bands at random. A visual example
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Special cases (2)

I General fading, small but non zero noise, α > 2

pc(T , λ, 4) =
1

β(T , α)
− µTσ2(λπ)−α/2

β(T , α)
Γ
(

1 +
α

2

)
+ o(σ2),

I Interference is Rayleigh fading

pc(T , λ, α) = πλ

∫ ∞
0

e−πλν(1+ρ(T ,α))−µTσ2να/2

dν,

where ρ(T , α) = Tα/2
∫∞
T−α/2

1
1+uα/2 du.
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General Fading in the Signal

If the probability density function of the signal fading is square integrable,
the probability of coverage is given by

pc(T , λ, α) =

∫ ∞
0

2πλe−πλs
2

∫ ∞
−∞

e−2πσ2iνLIr (2πiν)·

· Lh(−2π(Tα)−1iν)− 1

2πiν
dνds

where Lh is the Laplace transform of the signal fading.
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Cooperative Coverage
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D.1 - Cooperative Coverage
(Giovanidis & Baccelli, 2013)
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Cooperative Network Topology
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Voronoi Cells

I Base Stations located on atoms of a Poisson point process Φ.

I 1-Voronoi cell: defines the area of interest per Base Station.

I 2-Voronoi cell: locus of planar points closest to a pair of Base
Stations.
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Cooperation on the 2D-Plane

I Each Base Station bu is connected via a backhaul link of infinite
capacity with all its Delaunay neighbours.

I Exactly 1 user u per 1-Voronoi cell randomly positioned.

I Each user is served by exactly 2 Base Stations:

1. First closest geographic neighbour bu1

2. Second closest neighbour bu2

I User ui is primary user for bu1 and secondary user for bu2.
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General SINR

I Consider user power pu = p = const, for all users.

SINR(θ)
u (a, p) =

S(θ)
u (au, p)

σ2 + I(θ)
u (a−u, p)

I(θ)
u (a−u, p) :=

∑
v 6=u

S(θ)
v (av , p)

S(θ)
u (au, p) := hu1 (1− au) p + hu2aup +

+ 2aup
√

hu1hu2cos (θu1 − θu2) .
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Coherent Transmission SINR

*En extra coherence term 2aup
√
hu1hu2cos (θu1 − θu2)

appears!

The term is maximized for the beneficial signal with transmission:

θu1 = θu2.

For the interference part, its expected value is E [cos (θu1 − θu2)] = 0,
because the phases take values uniformly in [0, 2π].

*Assuming phase knowledge for the two transmitting BSs and a = 1/2

SINRu (1/2, p) =
hu1

p
2 + hu2

p
2 + p

√
hu1hu2

σ2 +
∑

v 6=u hv1
p
2 + hv2

p
2
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Adaptive Geometric Policies

I The beneficial user signal Su is maximized either for
au = 0 (No Coop) or for au = 1/2 (Full Coop).

I The choice depends on the ratio hu2/hu1 and eventually ru1/ru2

(fast fading neglected).

We consider the family of geometric policies:

a∗ =

{
0 (No Coop) , if r1 ≤ ρr2
1
2 (Full Coop) , if r1 > ρr2

I ρ: adaptive global parameter that separates the plane into Full
Coop/No Coop zones.
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Shape of the Cooperation Zones

Given the locations of b1 and b2 on the plane, the geometric locus of
points which satisfy r1 ≤ ρ · r2 for ρ ∈ [0, 1] is a disc.

ρ = 0: Full Coop. everywhere, ρ = 1: No Coop. everywhere.
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Coherent SINR

SINR (ρ, r1, r2) =
g1r
−β
1

σ2 + I (ρ, r2)
· 1{r1≤ρ·r2}

+

(√
g1r
−β
1 +
√

g2r
−β
2

)2

2

σ2 + I (ρ, r2)
· 1{r1>ρr2 & r1≤r2}
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Coverage Probability

I Consider a typical user u at the origin (Poisson p.p. property).

I Performance measure is the Coverage Probability

qc (T , λ, α, p, ρ) := PΦ [SINR (α, p, r1, r2, ρ) > T ] .
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1st & 2nd neighbour distribution

I The joint p.d.f. of the distances (r1, r2) between u and its 1st and
2nd closest neighbour b1 and b2 equals

fr1,r2 (r1, r2) = (2λπ)2 r1r2e
−λπr2

2 .

I The probability of a user to lie on a No Coop. zone equals

P [No Coop] = P [r1 ≤ ρr2] = ρ2 ∈ [0, 1] .
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Channel Fading Distribution

I The No Coop signal: G1r
−β
1 .

Has an exponential distribution.

I The Full Coop signal:

(√
G1r
−β
1 +
√

G2r
−β
2

)2

2 .

The r.v. of the Full Coop signal
Zr1,r2

2 has a Laplace Transform,
which can be calculated explicitly.

I Laplace Ordering: X ≤L Y , if LX (s) ≥ LY (s), ∀s ≥ 0.

Lemma

The following Laplace-Stieltjes transform ordering inequality holds

G ≤L
Zr ,r

2
.
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Geometry of Interference

I Signals for all users other than the typical one.

I Interference: shot noise field outside a ball of radius r2.

I rj1, rj2 distance of user uj from its nearest two neighbours bj1, bj2.
dj1, dj2 distance of each of these two neighbours from the typical user.

I (ρ, r2) =
∑

uj 6=u0

hj11
{
rj1≤ρ·rj2

} +
hj1 + hj2

2
1{

rj2≥rj1>ρrj2

}.

r
j1

r
j2

d
j1

d
j2

r
2

r
1

u
j

u
0

39 / 51



Stochastic Geometry tutorial (pt.II)

Cooperative Coverage

A. Giovanidis 16.07.2014
Interference Marks per Base Station

I Random user position in the cell → Bernoulli random variable

Bj =

{
1 with prob. P [rj1 ≤ ρrj2] = ρ2 (No Coop)
0 with prob. 1− ρ2 (Full Coop)

.

I If Bj = 1: independent mark

Mj := Sj (0) = d−βj Gj .

I If Bj = 0: independent mark (approximation dj1 ≈ dj2 = dj )

Nj :=
hj1 + hj2

2
≈ d−βj

(Gj1 + Gj2)

2

Gj ∼ Γ (1, p) and
(Gj1+Gj2)

2 ∼ Γ (2, p/2), equal to p in expectation.
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Interference random variable

I (ρ, r2) := r−α2 G2B2 + r−α2

G1 + G2

2
(1− B2)

+
∑

zj∈φ\{b1,b2}

d−αj GjBj + d−αj

Gj1 + Gj2

2
(1− Bj)

Theorem
The Laplace Transform of the Interference random variable for the model under study, with exponential fading
channel power (Rayleigh fading), is equal to

LI (s, ρ, r2) = LJ (s, ρ, r2) · e
−2πλ

∫∞
r2

(
1−LJ (s,ρ,r)

)
r dr

,

where LJ (s, ρ, r) = ρ2 1
1+sr−αp

+
(

1− ρ2
)

1(
1+sr−α p

2

)2 .

Its expected value equals

E [I (ρ, r2, α, p, λ)] =
p

(α− 2) rα2

(
α− 2 + 2πλr2

2

)
.

and is independent of ρ.
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LI (s, ρ, r2) = LJ (s, ρ, r2) · e
−2πλ

∫∞
r2

(
1−LJ (s,ρ,r)

)
r dr

,

where LJ (s, ρ, r) = ρ2 1
1+sr−αp

+
(

1− ρ2
)

1(
1+sr−α p

2

)2 .

Its expected value equals

E [I (ρ, r2, α, p, λ)] =
p

(α− 2) rα2

(
α− 2 + 2πλr2

2

)
.
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2nd Neighbour Interference Elimination

I The second neighbour interference is the most influential due to
proximity (own primary user).

I Exchange such information over backhaul.

I Cancel it by Dirty Paper Coding (project beneficial signal on
orthogonal space of interfering one).

IDPC (ρ, r2) :=
∑

zj∈φ\{b1,b2}

d−αj GjBj + d−αj

Gj1 + Gj2

2
(1− Bj)

42 / 51



Stochastic Geometry tutorial (pt.II)

Cooperative Coverage

A. Giovanidis 16.07.2014
General Coverage Probability

Theorem
The coverage probability of a typical user for the cooperation scenario under study as a function of the parameter
ρ ∈ [0, 1] - given a fixed set of system values {T , λ, β, p} - equals

qc (ρ) = qc,1 (ρ) + qc,2 (ρ)

=

∫ ∞
0

∫ ∞
r1
ρ

(2λπ)2 r1r2e
−λπr2

2 · e
−

rα1
p

Tσ2
LI

(
rα1

p
T , ρ, r2

)
dr2 dr1

+

∫ ∞
0

∫ r1
ρ

r1

(2λπ)2 r1r2e
−λπr2

2

∫ ∞
−∞

e−2iπσ2sLI (2iπs, ρ, r2)

LZ

(
−iπs/T ,

rα1
p
,
rα2
p

)
− 1

2iπs
ds dr2 dr1

where LI (s, ρ, r2) is the Laplace Transform of I and LZ (s, µ1, µ2) is the Laplace Transform of the general
fading r.v. Zr1,r2

.
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Pros of the Scheme

1. An extra coherent term appears at the beneficial signal

2aip
√
hi1hi2

2. Knowledge of 2nd closest neighbor exact position guarantees a ball
of radius r2 > r1 interference free. E [r2] = 3

4
√
λ

.

3. Cooperation is in favor of cell-edge users.

4. An optimal choice ρ∗ ∈ [0, 1] maximizes the coverage area.
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Cons of the Scheme

1. The 1st and 2nd closest neighbour to the user can also create first
order interference. Very Severe!

2. The user may lie within the cooperation area even when Zr1,r2 < G
(The optimal choice of ρ∗ should correct this).

3. There exist radii (r1, r2) for which the tail probability

P [Zr1,r2 > T ] < P [G > T ]

above some T > 0. Hence for high T Full Coop may not
outperform No Coop.
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Simulated Coverage and ρ dependence

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

2.5

3

ρ=0 (Full Coop)

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

2.5

3

ρ=0.5

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

2.5

3

ρ=0.9

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

2.5

3

ρ=1 (No Coop)

46 / 51



Stochastic Geometry tutorial (pt.II)

Cooperative Coverage

A. Giovanidis 16.07.2014
Coverage VS T (α = 4)
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Optimal area ρ∗
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Coverage VS T (α = 4) - DPC case
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DPC Gains
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END OF PART II

51 / 51


	The SINR Cell
	Shot Noise Fields and Interference
	Cellular Coverage

	Cooperative Coverage

